Abstract: In this note we perform canonical analysis of T-duality for non-relativistic string in stringy Newton-Cartan background. We confirm recent result that T-duality along longitudinal spatial direction of stringy Newton-Cartan geometry maps non-relativistic string to the relativistic string that propagates on the background with light-like isometry.
Introduction and Summary
Recently, very interesting non-relativistic string sigma model on stringy Newton Cartan geometry was proposed in [1] 1 . This is ultraviolet finite theory which provides a quantization of stringy Newton-Cartan geometry in the same way as relativistic string theory provides quantum description of gravity. This model is generalization of the non-relativistic string theories that were proposed in [4, 5] . These theories are invariant under string Galilean global symmetry and their characteristic (and crucial) property is existence of two additional world-sheet fields beyond those parameterizing target space coordinates. The nonrelativistic string sigma model proposed in [1] couples non-relativistic string to background fields which are metric, Kalb-Ramond two form field and dilaton.
Another very interesting result that was found in [1] is related to the T-duality of the non-relativistic string sigma model on an arbitrary string Newton-Cartan background. Due to the foliation of the stringy Newton-Cartan structure there are two distinct Tduality transformations-transverse and longitudinal. These T-duality transformations were analyzed in the context of Lagrangian formalism with interesting results derived. It was shown that in the case of T-duality along longitudinal spatial direction we find worldsheet theory that corresponds to relativistic string propagating on a Riemannian manifold with a compact lightlike isometry. In other words non-relativistic string on a stringy Newton-Cartan geometry with longitudinal spatial isometry can be used for definition of the dynamics of relativistic string on Riemannian manifold with compact light-like isometry and possibly could be used for definition of its discrete light cone quantization (DLCQ). It is well known that DLCQ is fundamental block of Matrix theory description of M-theory [6, 7, 8] . However DLCQ of string theory is non-trivial. In fact, previous definition of DLCQ of string theory was based on subtle limit of compactification on a space-like circle [8, 9, 10] so that the result derived in [1] provides definition of DLCQ of string theory on arbitrary Lorentzian background with lightlike isometry.
This fact is very promising since it opens new intriguing direction in the study of Mtheory and its DLCQ description. For that reason we mean that T-duality in the context of non-relativistic string theory on stringy Newton-Cartan background deserves further study. This is the goal of this paper when we would like to give a canonical description of T-duality of non-relativistic string. In fact, it is well known that in case of relativistic string, T-duality can be also interpreted as canonical transformation [11, 12] . In this paper we show that the same is true in case of non-relativistic string theory on stringy Newton-Cartan background. In order to do it we have to use the Hamiltonian form of the model [1] that it was found in [13] . With the help of this Hamiltonian we define T-duality as a canonical transformation. We focus on two physically different T-dualities: T-duality in longitudinal spatial direction and T-duality in transverse direction which have the same description in the canonical formalism. Performing these T-duality transformations we find T-dual Hamiltonian. Then in order to find explicit form of the transformed background field we derive corresponding Lagrangian and we find agreement with [1] in case of longitudinal spatial and transverse T-duality transformations. Explicitly, we find that T-duality along longitudinal spatial direction leads to T-dual relativistic string on the background with isometry in light-like direction while in case of T-duality in transverse direction we obtain again non-relativistic string in T-dual background. We mean that this is very nice result that again shows how canonical treatment of T-duality transformation can be powerful.
The structure of this paper is as follows. In the next section (2) we review basic facts about stringy Newton-Cartan background and string sigma model together with its canonical formulation. In section (3) we introduce T-duality as canonical transformation, following [11, 12] and perform T-duality transformation along longitudinal spatial direction and determine background fields. Then we perform similar analysis in case of transverse T-duality.
Review of Stringy Newton-Cartan Geometry
Let us define string Newton-Cartan geometry following [1] . Let M is D + 1 dimensional manifold and let T p is tangent space at point p. We decompose T p into longitudinal directions indexed by A = 0, 1 and transverse directions with A ′ = 2, . . . , d−1. Two dimensional foliation of M is defined by generalized clock function τ A µ that is also known as longitudinal vielbein field that satisfies a constraint
where D µ is covariant derivative with respect to the longitudinal Lorentz transformations acting on index A. Let us also introduce transverse vielbein field E A ′ µ . We further introduce projective inverse τ µ A and E µ A ′ that are defined as
From τ A µ we can construct longitudinal metric τ µν = τ A µ τ B ν η AB and transverse metric
It is clear that in order to define string moving in stringy Newton-Cartan background we need tensor H µν . It was shown in [1] that such a tensor has the form
Now we are ready to write an action for non-relativistic string in this background [1] . It turns out that this action contains world-sheet scalars x µ that parameterize an embedding string into target space time together with two additional world-sheet fields that we denote as λ andλ. These fields are needed for the realization of string Galilei symmetry on the world-sheet theory. Now we will be more explicit. Let σ α , σ 0 ≡ τ , σ 1 ≡ σ parameterize world-sheet surface Σ. The sigma model is endowed with two dimensional world-sheet metric h αβ and we introduce two dimensional vielbein e a α , a = 0, 1 so that
Using light cone coordinates for the flat index a on the world-sheet tangent space we define
We can also use light-cone coordinates for the flat index A on the space-time tangent space T p and define
Then we are ready to write sigma model for non-relativistic string on an arbitrary string Newton-Cartan geometry, and dilaton background in the form
where h = det h αβ , h αβ is inverse to h βα , R is scalar curvature of h αβ and T is string tension. In what follows we restrict to the case of constant dilaton field so that the last term on the second line is total derivative and will be ignored. In other words, since we restrict ourselves to the classical canonical analysis we cannot determine transformation rules for dilaton under T-duality transformations.
Hamiltonian for String in Stringy Newton-Cartan Geometry
In our previous work [13] we performed Hamiltonian analysis of string in stringy Newton background. We found that the Hamiltonian is sum of two first class constraints H τ , H σ that have the form 9) where the matrix H µν is inverse to H µν so that H µν H νρ = δ ρ µ with following explicit form
where we introducedτ
Further, we also defined 2 × 2 matrix (Φ −1 ) AB with following explicit form
Clearly (Φ −1 ) AB is the matrix inverse to the matrix valued Newton potential that is defined as
Finally, λ + , λ − are two world-sheet scalar fields which are related to λ,λ, for more details see [13] . Since λ + , λ − are non-dynamical their conjugate momenta are primary constraints and the requirement of their preservation implies an existence of two secondary constraints in the form
These constraints are second class constraints together with momenta conjugate to λ + , λ − .
Then it was shown in [13] that these constraints can be solved for λ + and λ − . Plugging these solutions to the original Hamiltonian constraint we obtain Hamiltonian constraint corresponding to the non-relativistic string action that was proposed in [14] .
T-duality in Canonical Formalism
In this section we present canonical analysis of T-duality for non-relativistic string. Due to the non-trivial foliation of target space-time we have to distinguish between T-duality transformations in the longitudinal and transverse directions. However we will see that these two transformations have the same treatment in the canonical formalism. Let us start our analysis with longitudinal spatial T-duality transformation.
Longitudinal Spatial T-Duality Transformation
Following [1] we presume that non-relativistic theory possesses longitudinal spatial Killing vector k µ that obeys the relation
It is convenient to introduce coordinate system (y, x i ) adapted to k µ such that k µ ∂ µ = ∂ y . It is important to stress that x i contains longitudinal coordinate. Then the previous condition implies τ
Finally, in adapted coordinates all background fields are independent on y. As a result the theory is invariant under shift
Our goal is to perform canonical transformation from y toỹ in the same way as in case of relativistic string [11, 12] . As was shown there the generating function has the form
Let us denote momentum conjugate toỹ as pỹ. Then from the definition of the canonical transformations we derive following relation betweenỹ and pỹ in the form
With the help of these relations we obtain dual Hamiltonian when we replace ∂ σ y with − 1 T pỹ and p y with −T ∂ σ y. Explicitly, using the constraints given in (2.9) we obtain Tdual constraints in the form
where k i = p i + T B ij ∂ σ x j . We see that it is very difficult to find T-dual background fields from this form of the Hamiltonian which is a consequence of the fact that symmetries are usually hidden in the canonical formalism. On the other hand symmetric structures and forms of the background fields naturally emerge in the Lagrangian formalism so that we should determine Lagrangian density corresponding to T-dual constraints (3.6). To do this we determine time evolution of x i andỹ using T-dual Hamiltonian in the form
where H T τ , H T σ are given in (3.6). Explicitly we obtain
From the last equation we can express pỹ as
where we defined
In case of k i the situation is more involved since we have to find metric inverse to H ij . It turns out that it has the form
For further purposes we write following relation
that follows from the definition of h ij . With the help of the inverse metric we find corresponding Lagrangian density
and where we have T-dual components of metric and NSNS two form
Note that these transformation components of background fields agree with known Buscher's rules [15, 16] . The novelty of non-relativistic Lagrangian is the presence of terms on the last line in (3.13) where A and B are equal to
where A µ and B µ are equal to
As the last step we will solve the equations of motion for λ + and λ − that have the form
with corresponding solutions
Inserting back to the Lagrangian density (3.13) we obtain
where
(3.21)
Then using explicit form of A µ , B µ given in (3.17) we obtain final form of the Lagrangian density
where g
where we have convention ǫ 01 = −1 , ǫ 10 = 1. Finally note that B ′ µν is equal to
These transformation rules agree with the result derived in [1] . We also see that the T-dual string corresponds to the relativistic string with light-like isometry due to the absence of the metric component H ′ yỹ . To see more explicitly that we have relativistic string let us solve the equations of motion for N and N σ :
These equations can be solved for N σ and N as
Inserting back to (3.22) we obtain
that is relativistic string action in Nambu-Goto form.
Transverse T-Duality
Finally we consider transverse T-duality transformations when we presume that the background has transverse symmetry with following transverse spatial Killing vector p µ that obeys τ
We define coordinate system x µ (x i , z) adapted to p µ such that p µ ∂ µ = ∂ z . Then isometry defined above implies τ
and consequently
It is also clear that all background fields do not depend on z. As in previous section we perform replacement
so that the constraints (2.9) have the form
(3.33)
Then following the same procedure as in previous section we find the Lagrangian in the form In other words, the background fields τ µ andτ µ do not change. The form of the Lagrangian density given above suggests that the transverse T-duality maps non-relativistic string to the non-relativistic string in T-dual background where the background fields are given by standard Buscher's rules (3.36) . In order to see that (3.34) describes non-relativist string let us solve the equations of motion for λ + and λ − τ τ − N σ τ σ − 2N τ σ = 0 ,τ τ − N στ σ + 2Nτ σ = 0 , (3.37)
where τ α ≡ τ µ ∂ αx µ ,τ α =τ µ ∂ αx µ . Taking the sum and difference of these two equations we obtain two equations Inserting (3.39) into (3.34) and using (3.37) we obtain Lagrangian density in the form
where τ αβ is inverse to τ αβ . This form of Lagrangian density corresponds to the nonrelativistic string action [17] in the background fields given in (3.36) which is again in agreement with [1] .
